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ABSTRACT E

W~ prove existence of solutions to various c,ur~da ry - v a lu e  ro~~~~~~Ls f o r

nonautonomous Hamiltonian systems with forcin j terms :

H’(t, x(t) , ; ( t ) )  + f ( t )

• k ( t )  = H’ (t , x ( t )  , j ( t ) )  + g ( t )
p

Among these problems is that of pe~ iodic solutions : x (t + T) =

p(t + T) = p(t). A special study is rad~ of tL~ classical case in which

• H (x,p) has the form V(x) + p~
2
/2, Iot~ Ltia1 ~1us kinetic energy, where the

existence of an infini te family of free harmonics is proven . The approach

throughout is via a variational rir c i ple irvolvir~ a new , dua l action

integral.
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SIGNIFICANCE AND EXPLANATION

• • Hamilton ’s differential equations are basic in the study of theoretical

mechanics. A particular class of motions of interest for such systems of

equations are the periodic ones, which correspond to oscillations (vibrations)

of the underlying physical system; the absence of such motions is usually

associated with resonance phenomena. In this paper we give conditions on the

Harniltonian function H which guarantee the existence of periodic orbits , as

well as other more general types of motions. One distinction with previous

work on the subject is that we consider forced vibrations arising from external

driving forces; another is that the solutions in question are characterized

directly as the solutions of a specific minimization problem (i.e., we obtain

a ~variational principle~~, a feature which could prove useful for computational

purposes.
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N ONLINEA R O S CI L L A T I ON S  AND bUt DAi~Y-VAL U~

FOh HANILT ONI AU SY~ TL~O

Frank :. Clarke* an~ I . Ck-lan ”

• 1. Intruduction: a dua l  act ion prirc~ j1e .

T) Ls  a r tic l e  is devoted to the stu3y of certain boundary—vilu~ ~len~ f c r

datultonian systems of the fern

• —f (t) H ’ (t ~ x ( t )  , p(t) ) + f ( t )
/ x

( 1.1)

~ k I t ;  H ) t , x (t) , ( t) )  + g (t )

• Here , we int~ rpret f and g as exterior forcing terrs , w ile rh (relative1~ weah)

dependence of H on t can be viewed as due to the presence of tiine—varyir~ para-

meter s  in the system itself , of particular interest among the Loundary-value

j roblems associated with (1.1) is t he  question of T—periodii solutions: x(t + T) =

x(t), pIt + T) = p (t). Our results , which are of a more general nature , prove the

exist -ncc on certain intervals jD,T) of solutions (x,p) to L.l) satisfyir.c varicus - r
boundary conditions.

The Hamiltonians H(t,x,p) that we consider are convex in Cx ,;) for can) t ,

and in these same variables exhibit growth that is superlinear but no more than

quadratic (of course , we are stating assumptions and facts loosely at this point)

The superquadratic case, which can be treated by modifying our approach somewhat

along the lines of 17], will appear elsewhere . Our approach is a refinement of t)v

one employed in 14] and later in 161, and involves a new dual action principle. To

describe this principle, let us recall the conjugate convex function C corres;’ondir

• to H:

(1.2) G(t,y,q) sup ~y 
. x + q • p — H(t,x,p) : (x ,p) ~ x

*Department of Mathematics, University of British Columbia , Vancouver , British
Columbia, Canada V6T 1W5

**Cer’ •de , Universitê Paris IX — Dauphine , 75775 Paris , France

• Spor red by the United States Army under contract No. OAAG29-75-c-0024.
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Cen~~ide r now the f o l l o w i ng  v a r i a t i o n a l  - i o L 1~ - m :  to m i n i m i z e

T
( 1 . 3 )  5 c + G ( t , —

~~ — f , k — q ) )  dt
0

ov’ r functions (x,~~) satisfying some given set of boundary conditions at 0 and T.

T2~~ dual a et l e :  rinci ; l allud ed to is the following : i f  ( x ,;  ) is an extremal for

ti~ functional (1.2), then there exist translates (x .i ) of Cx ,; I whi ch satisfy the

Ham i ltonian sy s te r  (1.1) C i .  ~~ . for certain constants 0~~ , s , the functions

X X + 0~~~, p p + s
0 

satisfy (1.1)). This is Lemma 2.1 in §2 , w ) .  re however t h e

change of variables

= x - g + f

• has been applied to the functional .

The function C defined L ’  (1.2) may not be differentiable , and the reader may

wonder how to interpret “extremal” in the above. As we shall see, the approach used

here requires no differer tiabili ty; in fact , we actually consider a more general

“Hamiltonian inclusion ’ of which (1.1) is a special case (see 2.1). The main advantage

of the’ dual action ;rin ciple in our present setting is that the functional (1.3) will

admit a minimum , in Sharp contrast to the usual action integral

T
• f {— p  . k + H(t ,x ,p)} dt

0

which is bounded neither above nor below. In consequence , the trajectories of (1.1)

• are not only known to exist , but are furthermore characterized as solutions to a

specific minimization problem , a fac t tha t could prove useful for computation.

In 52 we prove the existence , for all T suitably bounded above , of solutions

(x ,p) of (1.1) for which x(T) — x(0), p (T) - p(0) are arbitrarily prescribed. (Thus ,

as a special case , we obtain periodicity). A further result yields existence of

solutions for which x (O) and x(T) assume arbitrarily prescribed values.

I
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i 3 , we i :v, st i ~ate t h e  ~ 4e e  when there  is no f o r cin g  term on the r i g h t — h a n d

side ( f  0 = g ) ,  and the sy s t e m  has an e q u i l i b r i u m  at the o r i g in (H (t , O , L )  = 0

• H ’ ( t ,0, 2 ) ) .  To make the r e s u l t s  more r ead i ly  avai lable  for use in the framework of

cLassical mechanics , we have set up t h i s  Study j r  the so—cal led  classical  case , where

the Hamiltonjan H(t ,x ,p ) is ;72 + V(t ,x), kinetic energy + potential.

We investigate the existenu •~ of periodic solutions other than the trivial one

(rest at equilibrium) . When V really depends on time , and is T-pc’riodic in t, this

is the study of so-called (nonlir ~ear) parametric oscillations , with period an integer

multiple of T. When V does not depend on time , this is the study of (anharmonic)

free oscillations. The results are Lest illustrated by example (3.34), which is a kind

of nonlinear n—dimensional Duffing ’s equation , with a time—varying parameter.

Previous results obtained chrouqh methods bearing some relation to the present one

are described in (41 (6 1 171 (8), and other  techniques are applied , in the periodic

case , by Rabinowx tz 110) Ill), Weinstein 113 1 , Amann and Zehnder [1], among others

(we refer to Ill ) for more detailed references). (For the most part , these deal wi th

free (unforced) oscillations)

I

I I)

— 3—
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i2. Hani,dtonian boundary-value problems.

We deal in this section with the follow.rig Hamiltonian syster f c . r • . r . ;  

(2 .1) (—~~(t) , £c (t)) ‘ aH(t , x(t) , p ( t ) )  + ( f I t ) .  g (t)) u .e .

• where H: (O ,~~) 
~ P

n 
~ • P is a given Hamiltonian and f , 9: (1~~~~) P are

functions. We shall suppose that f and g belong to L
2 (0 ,a) for every f i ~~it .

positive a , and concerning the Hamiltonian H(t ,x,p) we make the following

assumptions: H(•,x ,p) is measurable for each (x,p ), H (t,.,’) is convex for e5~~~.

and there exist positive constarts c, k , c’, k’ , ci such that H satisfies , for all

(t ,x ,p) , the fol lowing:

k 2
(2.2) j——

~
- (x,p)  — c ’ < H(t,x ,p) < 

~~
- I (x ,p) + c

The 3H in (2.1) refers of course to the subdifferential (121 of the convex • -

function (x ,p)  -
~ H(t,x ,p) , and as pointed out in §1 , if it is further supposed that

H is differentiable in (x,p) (which , however , we have rio need to do), then (2.1)

reduces to the familiar system of equations . I
• * = H(t ,x ,p) + g ( t )

• —~~ = H ’ ( t ,x,p) + f ( t )

We denote G(t,y,q) the conjugate of H(t,’,’):

(2.3) G(t,y,q) sup (y x + q • p — H(t,x,p) : (x,p) ~ ~
n ,~ ~~

n
}

Our hypotheses imply that  C is finite everywhere , measurable in t, and sati s f i es

the following growth conditions , which are elementary consequences of combining (2.2)

and (2.3) (see 16, Lemma 11) :

(2.4) G(t,y,q) 
~~, I (y,q) 1

2/(2k) — c

(2.5) G(t , y,q )  < (k’)~~(l + B)~~~ I (y , q ) ~~~~~ + &

where B = 1/e.

—4—

___________ • ~~~~~~~~~~~~~ --—~~~~~~
• 
~~~~~~~~~~~~~~~~~~ -- • ~~~~~~~~~~~~~ ~~
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t

L .-r F (c ) = f ( r )  .b’~ , aoi Ls ’ • i ‘.‘ t ; a t  F i- 1~~~;. L~ (0 C c ar .

• ) c s~~t i v ~- a. It rh.• proofs of th0 toeor -r.~ t) ~~~’ f.. ~~~ c r’ -~~~- ~~~~ I r : .

-
~

• L L’ interv e nes re ested ly; we now define t r . a t  f u n r t ~~o t a l  a r c  r c . .• ~ se f~~.

~ X i S t n~~e t) .e cr e n .  Let ~u d  be e1e~~~n ts  of C (0 , T )  ~-:, ~cr 
f ~~xe u 3 > -

and defi

T
(2.6) 1 L , . )  = f ~,r ( t )  F I t )  - (

~ It) 
+ g)t) • j (i)d’ G (t , - -. ( t )  , • c ) )

0 0

~ c t e  that t h~ integral is always well—defined , albeit erca~ e as +

Theorem 2.1 If T < 4 2 / k , then th~ f u n c tional I atta ins  ~ nir;i rur or. ano

~ 2
weakl. closed subset S of L~ x L upon which it is not ider .tioall

Pro of :  (a l l  norms are L2 ) By Holder ’ s inequa l i ty  we have

t
(2.7) if ~- ( i )dt Il <

0

a rc  if this is invoked along with (2.4) we deduce immediately

I (~ , u) > - CI sr U ill FC C + ill r~ii / [2] - Ti) gil l )  ~I) / ~
‘
~ + 

~~~~~ 
2 
+ 

2
) ,‘(2k) - c

Calling upon th inequality 2ab < 
2 

+ b
2 produces

I (~~~~) 
{ 1/k - T//~

) I ii~~i l 2 + ~~~ 
~~~~ - Il Filikil - Til g ui ~I) /~~ 

-

Since the coefficient of the quadratic term is positive , it follows that I is C O C r o iV ~

i.e. that for some r > 0 and some constant è , I sati s f ies

(2.8) I(~~,~~) 
> t (Ck11 2 + U - ~U 2 ) —

Now let ( c , ~~ ) be a minimizing sequence for I over S. Thor i-p (2.8), r:o so)-

sequence is bounded in norm , so that we may select (without relabcl~~no) a ~~~~~~~~~~~

converging weakly to a limit ( , i(c.~) in S .  We deduce frcr ( ‘n i t :  it e~: . .c . t o

t t
that f . converges uniformly to f ,

~~~~
, wI:e:;c fol lows  t ): f.o-t that

0

T t

J (c  ~~ F - ( ~ + g ] • f  i~~~dtn n

__________
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:0 1! . i; ic • 0; ‘o i 0 (2 u ’ • . 2: ; , .  , i c c : : . : ,  i t  C I

th e  . . 5 G( t • — . . 2 ) . it , d0f  i nca  a • oi,v. x fur ,, t t o t a l  k t i o~~t ,  be 5’.,’. 1 - we i
0

• •~.r ’ i ,  ‘. i c u e ue. ( ‘-o ‘I  t i  • o - t , i l s) ,  and Sc 5.- ,,t o’-r t :.. t (r , ad to ci i i i :

1 2  , ,  ) J i m  t n t  1 ( 2  ,~~ ) zof 1
— n n 

0.1.1’ .

• • .- ui t , :~~ I ’ :  i s t : c . - k ey t~ . t o e  ro. ’t :  of t ; , .- , x i - : t ,  :,~~~~‘ t ( c .  . t ri o 0

• 1 1 • - T . - .c’l ut ton s • • I s :  ch at  . so. y t i d  t o  • xi: t a t  , it: • I to , •: a! 0

as C: ..t~~, :.s to U ,:,-~ - i f i o  r i l j i t ’ : i ~~at i o t ;  I u ( I e t :  in  t h e  ,aIc - u l::c f v,, i t t  i e t c S .

~~~~~~~~~ 
t.0 t ‘

~ • k , and le t 2 . , ’. be- any -air if  - • it,!: in P~ . 1i t. tOo!

e X i s t s  C: .  [ a solution (x ,p )  ot t he  sp s t r: 2 . 1 )  s a t  l o t  p i t .

• x (T I  = x ( 2 )  + • .  , i~ I T)  = ~~ + 
2 ‘ 

p

k e n a r k.  ~ t so : : a : : , t ; s  t : i . I t , u :iit or r lv in t ,

• ( 1 . 4 )  H I t , x , : ) / I ( x , ; ) ~~~ 0 cc (ne , ; )

t o t ,  t O e - U) er  : ‘oc::d on H i n  ( 2 . 2 )  i i .  s a t i s f i e d  ( f o r  a; i tO)  i t a r ,  c) l v  , i r t i t z a r l l y

st~o i i  k , so t o U t  t he  con -I us t o t s of t t . .~ t he or: -r ’ ( o l d  f or  afl  T.

as a c t I c : : :  :o. -:- ;~~ :c v a l ue , - u i  ae t ro a ch  y i e l d s  a s l i - t h t l v  1 .  t I e r

ut • r -un. i  t T (o t  or ;. , t 1:, S’. tr.me’t rI - t s - , - o i :  x and p \ i c - i  do an ana locouc

r au l t  f~~r .
~l

) :

Th eorem ~ .3  L. t T .. ~~ , and let  1
1 

be a n ;  po in t  in D~~. Then t h e  to exiSts CII

[.) , T)  a so l - j t i o t  C x , ; )  of to , ’ s’rsti ’m (2.1) satisf yl t .:

i2. 10) xCT) x (O) + .

~~~ 

, ; ( T )  = ; ( c ’)  — j f Cdi
0

t’ ” i rk. -7f course , the t r e ’a t e st  i n ter e s t  of theorems such ,ts t he  above has t r a d i t i on , . )  :1

- n  i t  t o e  stud- - o f  j r i o d ic  s o l u t i o n s .  We o b t ain  ;‘ertedio s olu t i o n s  by }‘o S t U l a ti n c

f u t th :  r to, f , ; ,  and H ( •  , x , ; - )  be T — ; - e r i e d : c , and by takinet 
1 
= ‘~2 = 0 in

T 
or by ou~ o c i n , :  a d d i t i o n a l ly  t h a t  f ( r > d t  0 in Theorem .3 .

0 
•

_ _ _ _ _ _ _ _  • •. •• ,.• • •.~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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To.. I a !. r e s u !. i ;t v o . -  . • y r r .  i s  c c ,c.;lst:c,:. c, x at th e  XJ ;er csCc of s~.y1r , -)

- 0 - - .:, :arv c,,l ues of ; ~ t suLoure:~ aO •-arh.-r result of

- • ( 2 ,  liopoSitie:: 2 1 .

T n o o r e r_ . -. ~~
. 

~
- .: -

~~~~, ~~~ j e t  x ,  ne oc any air f ~-o~~~~s in P . Then thor..

e x c o t • ,  a c - 0 1 U c . t  (x , t : )  of .sj’st . - r  ( 2 . 1 ,  s a ti s f yin g

• ( . . .l l)  x ( O )  x , x C T )  = x .

I roof o~ ‘In..or’ : 2...

•2onsid,-r r h -  rai ler of rinirizio~ tl,e functional I given by 12. 6) subject to

,,or,dit CcO .S

( 2 . 1 2)  
T 

:(~~) d c  = .~~~ 
- 

~
‘ q ( i) d c  ‘, ( t ) t h  = 

~2 
+ 

~ 
f l t ) d c

Ilots :har  ( 2 .  12) defines a w ea k ly  closed subset S of L
2 

L
2 and that  I is f i n i te

sore-,;her s on S ( f o r  examp le , fo r  the constant functions tha t  belong to 5) .  Thus

so Ti-corer 2 . 1  th~ above r in ir i z at i o h  problem adntits a solution (~~,p). We now restate

t h i s  fac t  so as to make it clear that  we are dealing with a variational problem; to

tr,is ’cnd , define

4 t t
y ( t )  = J .r(r) di , q ( t )  = 1

0 0

and de f in 0  the va r i a t iona l  in t eg rand  L by:

L ( t ,y , q ,~’,~~) = ~‘ . F — (~ + gj q  + G ( t , -~~,~~)

~~serv’:- then that (y,q) is a solution to the problem of minianizing

T
( 2 . 1 ) )  f L ( t ,y , q ,~’,~~)dt

0

“or ti-.. absolutely cont inuous  arcs Iy,q) having derivatives in L
2 

satisfying

(2 .14; p IT) — y b )  = L~ — 1
T qut th ‘ ~~~~ = ~ ‘ q (T) = 

~2 
+ 1

T 
f(t)di

0 0

• -7-

r I
i.

___________ =-= -~~~~•
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5... i f  G s, ‘ — - n t  ir , u .  • o.L y : t  I t .  r ‘ t . t  C t i  1 c w : . i : i s ’ : . ; ; .  t ‘ t) i-c t , : ‘ rt

•~~e n ve x) , ~~‘ wc uld r I1- ti,at )v ,-n ) :o~~~r, ,-xt r’ nna I f- r I., i : ’ ’ 0 0 0 a , ‘‘0

we .Iu ,a t  £ s f ’ ,’ t I e -  Lu ’ - t Lc : r i n .  40 eI ;UU!aGT , o~ rr ’ ~ n, ;i :. - ‘ L. 2:. • r : r.~~- :0

setti n g, L is r i o t  d i f t .  r. i,tiablc (tor is i t  O On V e x ,  • how:  s ~s :o~~a: P,

anu the r .-~~,.its .-t (3) at ’-  available. T( , c - s4  S t a t i  t h a t  I n , -:) is an . X t t ’ t’ a !

i t ,  an ext e-r .d . J S Cf lS e :  t n . ’ r e .  xi..!:. an abs -.i ~te- 1y Oea n t i l U O O 5  f i .  or . r , t )  - - -

t O - i t

( 2 . 1 5 )  ~~~~~~~~~ c ~L ( t , y , q , y , q ,  a....

where ~.L re fers to t i -c -  :e n c - r a li ze d  g r a d i e n t  (so.- 1 3 1) of 2 i t .  a ll  v a n i o :  I - • 
I 

-

j o i n t l y  • -xoe )  t t )  . ( I f  2 were  C 1, t i-er .  ~ L wou ld  r e d u ce to  tOe  U S .al :ru i;’:. :

the reader is ir ,vited to show that it ,  t h i s  case ( 2 . 1 5 )  is mst the  usual  Eul ’  r - P a :r :

• equation) . In v i e w  of how I. is defined , (2.15> is ecut’.’aier .t to - 

-

(2.16> it = 0 • = —y — g a . e.

(2.17) (—s , r — F + q) c ~nG (t,—q,y) a.e.

It follows that for certain constants r
0 

and o~~, we (-avE

(2.18) (y + f g (i)di + c
~~
, 

~ 
- F + r

0
) c 3G(t ,-c ,y) a.e.

By th e  inversion formula for conjugate subdifferentials , (2.18) is ecuivalent to

( 2 . 1 ) )  ( -q , y )  ~ ~H ( t , y + f g + 0
0
, 
~ 

- F + r
0

) a . e .

Let us set

(2.20) x(t) = ~~(t )  + g(t)di +

(2.21) 1 (t) q(t) — F(t) + r~

Then (2.19) is just the system (2.1):

— f , k — g) C ~H (” ,x ,l - ) a.e.

-8— 
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2:. , :a ‘ t : e - x  ; ‘ :-~~1s r - , • I , a n ’  I I n c  : • O  :.. - — I ‘ c . .-. . . . 0.  _ . - 1 ’ - .‘

. c i : .c !‘,‘; e- S of bo:::. :, : 0 : : t i : . c. ’ cc’ a . .’ ’  - - ; -  .,‘ lie- .

nl ’ 25.o_ ’c ~~~~~ 
iS  a S n . . ’ ; .  ¶ - no ; ..-n 3I ..

~~~
. ,  . : r t : . : - . I i )  • : -

some s- - ,: : • .. at- ; • :;o. : on ;. 0 a t  : T , : ‘  ‘ ‘ :. : -

SU::.  ‘ : 0  n : .  t n a ’ L a ’ S  > , t . :  1 y •.. 0 O ’ t i r . , c b’.’ • ..,.. i ~:c 2 . 1 1 1

5 c ’ 1 s t . 4 . . .  1)

- .- t a z - k, , , n, t . : .  ~~~~ ~~~~~~~~~~~~~ : r -c- - ,f .j ess’, r’  .~~..y - : s . ‘ : ‘_~
- ., t : u ’ .-: ,0, :’ I.~ cf ‘ c

t t .  5 ) ,  i s -; . ’.’. z . i : .
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s I T )  - ‘: 1 3 1  = 2 , , : (TI - I - )  -
.

l I t  k , n: ’ :. ‘o:- r ’-’x.St ; o s i t i ’.o cc: o t U -  c
1 

.ar.i( C
1 

S O O t .  t O o t ,

fo r • . i i  c , . on 2 , s-h’-:. ; : ) d :  = - ,  we have

1 ; , .  I )  C
1 

( 1 2 -  
2 

-

T
(r oof : •‘Ib.-n . (i)dT = , so-- oav.  th e  ect :n-atc

0

t
Ci ‘ f( ’r ) d )  •- =: .1 / ( 2 0 (

0 
—

(This ray b0 seen , for ‘-near: Ic , b y - coo; ar:no t t c ~~ Fou r i e r  ex; an s i c :

t

~ q .  of ti-,: 7— :  . .r i cd i n  f u n c t i o n  q t  = , . (r)d s l o b  t h a t  of ‘ =

0

ii; en n o t i n g  tha t  = 0). When this s(.ar; or e- stl::at. r. - 1~~ ces (2 . 7 ) ,  t I .  our ‘ 00;

that led to (.-.8) yields (2.12).

— -~~



~~t ~~~.- : .  (-cl - so as In fer - that t i e  f u n c t i o n a l  I admits a minimum over the class ‘

:cti n e-d n : (2.12), “ i t : :  = f f ( ’ ) d t . Th~ proof from t h i s  point  on is identical to

.1 .1 .
Q . E . D .

I r f .  • I Ti-co ; n . -;

i-c CO!15i 14. r C; l~: ( t e L l e t ~ of minimizing the functional

T
(2.23) x

1 
f 0(t)dt + I(~~,~~)
0

so. ic-  I is lyon ho’ (2.6) ‘is (- ‘-for .- . Note that if C is defined by

(2.24) Ô (t , .,2( G(t,~~’1,$) + x1

t:.,.n mutcl:’ :lcttnj (2.23) is equivalent to minimizing the functional I defined exactly

as in ( 2 . 6 ) , but w i t h  C r e p l a c i n g  G. I f  we p ick any k > k , then ~ wil l  sa ti s f y

a condition (2.4) for c re) laced by a larger  ~, since it d i f f e r s  from G by only

a linear term. Similarly, ~ will satisfy a condition of the form (2.5). Now we’

ray  also pick k so tha t

r
so tha t  Theorem 2 . 1  w i l l  now . a ) — p l y  to enable us to conclude that there is a solution

( .‘ , t )  to the problem of minimizing (2.23) subject to the condition

T 
2 )c)di = x

1 
— x

0 
— f g (T)dT . Equivalently, in a more classical formulation , the

= 

t 

J
n i n , ’-izes

( 2 . 5 )  x
1 
. q (t) + f L ( t ,y , q ,~~,~~)d t

eO ~~<‘ - :  to t he  b ounda r - -  - • cnnl rat nts

— 1 1 ,_ 

•~~~~~~~~~~ - —.-
~~~~~~~

- - -~~~~~~~~~~~~ -- ~• -
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qi-4) = 0 , ~‘( T )  - yb )  = x 1 - - f g (i)dn
- 0

It r o l l o s s  to,  i s , - l t ’  .t~ in t i l e - Lt oef of Theorem .1.2 that (v ,q) is an extremal foi 2,

si-ic): implies (Lerr r c 2 .1) that for certain constants C , r
0
, the functions x and p

def ~ r e d 0 ’; 12.20) (2.21) satisfy ( 2 . 1 ) .  The fact that q(T) is unspecified and appears

as it does in t h e  Boiza functional (2.25) leads as well to the conclusion that

5(T) = —x
1
, where s is the “adjoint variable ” that appeared in (2.15). (This is

nothing nor’ than the “transversality condition ” of ( 3 , Theorem 13). We have already

seen Ln (2.16) (2.17) that

-s(t) = ~ ( t )  + g ( r ) d ~ + = x (t)

• so that (in light of (2.26>) we deduce

T
x(T) = x1 , x(0) = x(T) — f ic (t)dr

0 
Q.E.D.

H 
-11- :
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S 3. T i-. - c la ss i c )  
~~~~~~ 

l F e o ’,’ i t  i c t i o O ’ . .

We now in v e st  l ; a t , -  t i :  t’as, s-).’’n t i - - :  • is no i , ’r  , ; n ’ O  I t ; -  on ‘ - I : : ‘ — :  a n . - .  .1

The Ilamiltonian i,, -.. is:

;3.1) H (t, x , (  ( = V (t ,x) + 
~~

-

and Hamilton ’ s -quatlons are:

(3.2) = 1’ , f - — : v ( t , x )

whi  oh , 11; the art i c e l l a r  c a s t ’  when V is di f f c - r , :n t  t a t  I t - (C ’ ( ans i  t oo:; :1c C d. : • t i c)

t ime , boi ls  down to the sec i r d — o r d e r  sys tem (Newton ’ s e’c ; ua t i o : l s) :

( 3 . 3 )  x = —V ’ ( x )

The existence results in tin’ preceding sect ions c e r t a i n ly  a ; ;  ly t c ’  ( - i - -

• However, a new problem arises in this context: non-triviality . If x l~
’ is a:.

• e q u i l i b r i u m, i.e. 
~~ 

V(t ,x 1) 
5 0 for all t (since ~‘ ( t ,~~ ) is . c:;yc x , x

is a global  m i n im u m )  then th~ constant solution x (t) = x 4 , ~- ( t )  = 0 is T-~-~ t i c c )4

for a l l  T ‘ 0. This  we ca l l  a t r i v i a l  so lu t ion : the system res ts  at  5 .  Ti: .

following theorem asserts Ii-..’ existence of non—trivial solutions , i~ . f t . .  o i l  r.;t

of the system.

Theorem 3 .1  Assume the p o t e n t i a l  V ( t , x ) is measurable  w i t h  r o s ) , c ’t  t o  t • C u , r C

s t r i c t l y  convex with re spect to x ‘ P~ . Assume that the  er i c :  in  is an e - c;u i i :  t i : , : : :

( 3 . 4 )  V ( t , x)  , V (t ,x) V(t ,0) = 0

and tha t the fo l lowing  estimates hold :

(1 .5) V(t,x) 
1 + a  lx l~~

0 
— c ’ “ V(t ,x) < x 4 C

( 3 . 6 )  Vt lx i  < • V(t ,x) > x~

where k ’ , ci , c ’, k, c, n ,  K are strictly positive constaiits .

I f  T , (~~-,~~ -) ,  the n there is at least one n o n — t r i v i a l  r,~t t i - t i : - :

( x ( t ) , C - I t ) )  of Hamilton ’s equations ( 3 . 2 ) :

( 3 .7 )  ( x ( 0 )  p (O)  C ( x ( T )  , ( ‘ I T ) )

• 1..



-- -- ~~~~~~~ - - - ‘- - • - - -~~~ . - - - -  — --

Ti~.. ; roof , of course, wil l  i nvo lve  t }lc- dual ac tie :,  r i nd ; 1’- , s o c  4’ Self i t O

• th ’ P, - je ’nd re’ t r a n s f o r m  U ( t , )  of t i - .- i -ony x f u n c t i o n  \ ‘( t ,  • ) qive-n L; i-’ r;o:.e- l ‘ s

n - , r o u l a :

(3.B) 
U (t ,y) = i -Un  X~ — V(t ,x)f .

We claim that there exists some r 0 such that:

_ 2 2
(3.9) Vt , y~ < C U ( t ,y )  < y

To tr ove this, we simply write that for all t :

(3.10) Su( {xy — V(t,x)l x~ r~} Sup {xy — ~~
- x

2
~ ~~1 < ~~~-

because of relation (3.6), so that :

(3.11) SUp Ixy  - V(t ,x )i Ix I < n >  < 2v
2/F .

The function x .~ xy — V(t ,x) attains its (unconstrained) maximum for

X E  ~ U(t,y) , and its value then is tJ (t , y ) .  In other  words , the left—hand sith

inequality (3.11) coincides with 1J(t ,y), as long as a U(t ,y ) intersects the Pall

of radius around the origin. - -

But at,J (t , 0) is known to be (o} , because it is just the set of points ‘she-re

V (t,) attains its minimum , which is {o) because of inequality (3.6). This sane

estimate enables us to state tha t:

(3.12) V (t ,x) > Kr) x i / 2  for x~ > r.

and hence:

( 3 . 1 3 )  V ( t , x) > .t ( k I)  all  (t , x )

wi th  ~~(t )  = Kt 2
/2 for  It i < r;/2 and 2(t) = K f l (t  — t / 2 ) / 2  fo r  I t !  > ‘- i’2 .  It

follows that :

(3.14) U(t,x) <~ * ( I x i )  al l  ( t , x)

where 2~ is the Legendre transform of ~n . It is finite for ~t ! 
< Kr / 2 , so ti-ct ,

for all t , the function U is continuous on the ball of radius K” 2 around ti--

orig in. It follows that ,  on this ball , the mult i—valued mapp ing y ~ P ( t , n’) is

-13- 
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‘- ‘k 1 ~~~~~~ t i n ,  o , 1~ i ’h hc ’U , r ~~~~~~~~~ ,- orl: a,-t - -  - 1:i. a , ,& t i s t  15 0) , t  :,. :: ~~c)i~~I i O U .  U .

‘0 • - ;~~ - :‘ . ii,: - - o  ti - n -  is .:~~t:,, < K’ 2 such t ) . a t

( 3 . 1  ) y~ ‘. — x ,
~~~~ 

‘(t ,y) :

F- 
~~~ ‘ e  ‘ 0’ 1 ’ ‘, ,i,,i si:l’ - of (3.11) Is 3U: t U (t,’.’( : (s oc. for i’uh,t (3.°)

now -c’ C : . . -  t - - ~ -

t i - i ; .  i~ l, ‘., t -s ; : .  12 , i :- ~~~ ( : ‘ ( t l  , ‘ t ( l t  I which minii ::ic, s C l : , -  dual  act  jo t ;

- T
- i3. 16) .1 ( ‘ .‘ , c)  = { -

~~ U)  q ( t )  • ~ It) Utt , ‘~ (t)) 1,1)
0 ‘

• 0 :1 -h er  I - .  - • :o i -i : i t ’ ; :

T T
(~~.17( r - - ( t ) d t  = 0 , ,~ C;tt) dt = 0

1’ I 

‘ 

—

r 5 :t r :, ,’crer ~ 2 . 1  (m o d i , f i t - d  ii ’.’ lemma 2 . 2 ) ,  w i t h ;  f = •) = y, there is a minimi zlnq

i t .  -~~ L ,  w h i c h  corresponds to ,i so l u t ion (x ,~ ’) of Hamilton ’s equations:

• (3.  1:- i X l t ~ = ) ‘ ( t ,  —~~ ) t ) )  = v (t) +

• )3. I’) ;‘(t) = c’ ( t )  = q(t) +

c i ’  c i 1; , x i i )  x ) F )  and ~‘( T) = ~‘ ) P ) . We now ,;how non— triviality, if

t ) )  is~ r 1 s t . :. i i c ~~l ) l ’  (0 ,~~ ) then so would ( — ~~ ( t ) ,  ç ’ ( t ) )  be_ -a u,- . - of ( 3 . 3 5 )

• .01,1 ( ‘ . !  , i : l a t o N ,  ( 3 . € ’ ) to: L i e s  t h a t  0 is  t he  on ly  c r i t i c a l point of 1’(t, J ) .

t : , i - . i t ,  t urn , ‘ s- - a i d  imply ‘I,.;: J ( v , c ;)  , t h e  m i n i m u m  v a l u e  , ‘f J , is  ~ .‘tc ’ .

• . : i l l  10,0 f i,,1 -ì fo , i : ; i il o  3 , 1 ( 1 1  (i’ y ’( ) such t i - i t  1 ( y~~, c( 1
) ;~~. S ta r t  el f by

i n  - 3 S i  i htt v c i j f i o i  i t t  1’: :

T ., .,
= f ( t )  - q(tfl~ - ~ q(t) 4 t’)t , -~~( t ) ) ~~dt

0 -

Si : , - ,‘ • : - - ; ‘

• 

J ( ” , ; (  ~ ~ ; -R )  - qCt)} ’ dt + 
~ 1~ 

C1 )t1 -

- —  ‘— ~~~~~~~~~~~~~~~~~ ~~~~~ — - __ . _- -_  _. - ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~
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aT c-
T0ki::,3 q lt) = .1 cos )~~

— t )  and y
0
(t) = sin (~~~

- t ) ,  with 0<  al C we

‘ - C :

2 2
3~~o~q 2) ~~ 

—

~
, 

- 1) ,

s::ici , is s t ri c t l’ ;  ne :atiV, if T 2n ,’K. Hence t i le  r e - s i l t .

If  VU , x) is T—per io d i c  fo r  each f i xed  x in ~~~
‘
, Cl- en the relations (3.7)

• obviously irt lo the existe-nuc cf a T-;-eriodic solution (x(t), p(t)). Such a solution -
•

obviousl’,’ is kT-noriodic for all k c 1’~. It also could b.- k 1’T-periodic for some

k € 1’J, exd e;.t if T is the minimal period. Interesting questions arise in that

connection : how many T-periodic solutions are there? Is there a way of finding one

with  minima l period T?

The following results provide partial answers to these questions. From now on ,

• we identify T-periodic functions defined oii IP with their restrictions on (0,T).

Ti-corer 3 .2  Let V (t,x) be T—periodic in t for all x € ~~~~~
, a.,2 satisfy all the

assumptions of theorem 3.1. Lot (x(t) , pI t)) be some T—periodic solution found by

minimizing the dual action integral on (0,TI, and (y(t) , q(t)) the corresponding

minimizer. Set:

(3,20) Vy ~ 
~ n 

, ~ (y) = Sup {lu(s ,y) - Y(s’ ,y) I I (s, s’)  ,.

T T 
-l

(3.21) A = 1 + ( J A(— ’~ (t) ) d t) ( 5 ~‘(t)o(t)dt)
0 0

(Pe show below that the ruantit’ whose reciprocal is taken is strictly positive.)

Then, for no integer k > A can the solution (x(t), pIt)) be k ~
‘T—periodic.

C-roof : Itssume (x(t), ~‘(t)) is k
1
T—periodic. Then so is the function (y(t) , q(t))

L’ cau::e ~ f relations (3.18) and ( 3 . 1 9 ) .  We define a new , T—periodic , function

;
k
(t)

~ 
q~~ t C) by:

• 
‘ ‘ = ( k y ( t k 1) ,  kq( tk 1

) )

— 15—
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i-c i : s  cci’i;ut. Jt•
k~~

i
~,
) and 3 . t :

T
)q~~(t) c k

() + It . t k
(

= 5 ~_k~~(tk
l
Cq(tk

u
) 4 1 

~ ( t k 1
1 i - fl , --:~U~. ’i )

0

Tk
1 

-‘

= f {-k~t (s)q(s) 4 ~‘ ( s t  4 U i k u , -‘~~ts) ) -k ds
0 

-

The in tegrand i s k 1T — : - e ’r i o d i c , so t ) :a t  i t ~~ tnt - oral c’v ’. t  - ,  k ’T (  is C’

times its integral over (0,TI. This ‘,‘ ; e ’ l d s:

T
J ( Y ~~.~~~~) = 5 t — k c ’ ( s ) q ( s )  + - - )sr  U ( k s , _ i ’~~~5 ) ) i J 5

H

• = J (’,’ , q )  — (k — 1) f c’islq (s)ds + 5 {t ’(k s , —~~(s)) — 13)5 , —3( ,~)

0 0

< J ( , i;) - (k - ~~ 
•
~~~~~~~~~ d + J ,~ (-~~(s1)Js

But J(v~ .~~
) has to i— c -treater or equal to 3 ( y , c;) , - c i  no.- iv ,- :) i s  a :0; ::: .-. t .

The result follows immediately .

In other words, formula (3.21) \ ‘ i t I c t S  an a ~-i- io r i  .- st  ir, .; t e - f - i - t o o  r - i : - , i r : . 1  ; - t n

of th~ solution (x(t) , j - ( t ) )  found in theorem 3.1. FeC this c-st lr :at, C;- I ’  n’ . U : 0  . i

the right—hand side of (3.21) has to be fini te: s. shall a.’. ti-a; this is t : : .  c O O

general.

Notice first that the inteqral f 
~‘q dt i s  strictly p o S i ti v e - . I : ; de , ,) , ~ e ..,v•

by formula (3.16)

T T
— f ~‘q dt = Mm J — f {4 c’(tr + t’(t , ~~~1., t ))dt

0

The first term on the right—hand side is negative as seen in t ) :c  i ’roc ’f of th,’or,’n 3 .1 ,

-16- 3
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1

and c : second is too, L-ouausC of inequalit’.’ (3.4):

U(t ,y) = Su(. {xy  — V ( t ,~~) )  0 • y — V(t ,0) = 0
S

ice now show that , under sli ghtly stronger assur tions ti,’-:, tt c.se- of ¶ :ecrc c ~~.

the estimate A is f i n i t e. Indeed , i nequa l i t i e s  ( 3 .~~) .‘ieldt

1 2  1 ‘ : l ~-:-y — c < U ( t , y )  
~ ( 1  + 3 ) k ’  +

with ~ = 1/ti . This gives us in turn :

— l i 1+3 —l i 2
.1(y) < Ic ’ + c)  + (Ic ’ 4- ~k ’ )  y , + C2k) Y~

f .1(-~~(tUdt < (c’ + c i T  + ( k ’  + 3k’)
1 fl~~)C~~~ + (2k) 1 C)~ ’ :

Going back to formula  ( 3 .2 1 ) ,  we see that a necessary condition for A Cc

finite is that ~ L1”8 (0 ,T; Fr’) with ~ = ‘a
1. But ~ is defined by f c - r r u i u

(3.18) ; using the Legendre reciprocity formula:

~~(t) s 
—

~~~~ 

V ( t , x ( t ) )

where x(t) is known to be continuous , and hence bounded. This will in general he

enough to ensure that ~ belongs to L~
”8. For instance , if the potential \‘(t,x)

is continuous with respect to both variables, then the Set :

V(t,x) over all (t,x) c I0,Tl x B

is bounded whenever the set B cJ~ is bounded , so that l~ e L C L1’ ’ , as de~ irc~ ;,

We st ate a few simple consequences:

Corollary 3.1 Assume the potential V ( t , x )  is continuous with res; cot t; C : ,
n . , -variables (t , x ) ,  s trictly convex in x € ~ and T-periodic in t t ~~~. Assun: t

the origin is an equilibrium :

(3 .22 )  V(t ,x) V ( t , x )  > /(0,0) = 0

and that the following estimates hold:

• (3.23) V(t ,x) l + c i  Ix I 1’
~’° — c ’ < V ( t , x) < C  x~

2
~~

’ 
+ c

—1 7—

_ _ _

— - ,,a,.t. a. - 
.
~~~
. - — - -. - - - - 

- 
- 
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.3 . 2  Vt , I x  ~~~‘ ‘.‘ i , x ;  >

“ 0. : k ’  , c ,  c , C , , , ‘ , S a : -  c t t  ~;t l’ . : .-: , l t i’.’ - : 1,,: ’ :. , w I t : .  T > I t  K 1 .

TI . . :. t , , , - i c  is .: h i t ’ - :,, c n - a ’- : :  - - k ~ 1 .  k , , , . of i ncr c’ :.-: 1., and for

a ~. T—n c -r i .e i :~ . : 1 .n to:, ( x Ct I , I ( t  I ) c C ‘ .10 n c - i i ’ s . ‘;ua ’ ions (2) such:- r. n

(3 .  1 r’ : ,  — x U.) (t) I I Ix ( I  I , i ( I  I )
m

i. . : : i’c - a- j us, of i:.’ - : j ; l i c. ,- (3 . . .3 )  , ,.~ssu r-; t i  n . (3 . ’-)  t ’  i - - : 3 . 1  is a,-.’:, to h ol d

— for  a l l  Ic > 0 (1 ‘.- -o- Ii u st i t , - :  c i f  n e-c- , -s s ar ’.- 1  . It follows t i - a t  the recess of

Ic i i . : C:..’ -joal , c i  - r .  inn - - :rai can. h-c -  j j -; l i e  to , a, t ,  s.f C:,,- periods kT, k . 1

. , i t  in.; i s i t i :  ~, • I , w i-tot. - : ‘  i s i s :  sos’.- T—;- e-r iod;. •- Solution )x ( t )  , L U.)  I .  By

3 .2 , n ;, :, - is sent:, i : . t - e l  k
3 

suci, that the k
1
T— 1-,-riod: c solution (x

1
(t)

1 
c o  ~~~~~~~~~ in. t : , i - - i. ,;’ j a n e - C  T — ( o r i o d i c  an’,’ more .

c i t  t . ,- r - - - e - a : .i nun: wi tlc t l i c - :i, ’ w : o  n o d  T = k T , and ick an m t .  Ocr k’

a: . - •: a ~~~~~~~~ (x , i t  , 1 ( t ) which is k~T’ —periodic but not T’— I - c -riodic. Set

- :.c t t a ;c i :,  with T” = k ’T ’  = Ic T. The solutions Ix It), It)) defined
- ~~ 1 2 - n n

Lv t o ot  ccc. sa 005t  cv’ di ff. r en t  (increasinq) minima l periods.

- :011,r ’ l.I ,‘,5 su::- , th e  , ‘tent ;al \‘(x) does not d•-~ end on time t , and is a strictly

c-;:.v.:x fu~ ctiur~ of x € ~~~~~
. Assum e tb , origin is an equilibrium :

(3. In) Yx , V(x) • V(0) 0

-~~ n n i t  c ’. foilesin’; - s t  :nates hold , with k < K:

(3 .. ~) Vx , V (x) < ~ x 2 
+ c

- K 2
( 3 . , -t:) x 1 < ‘ -

. ~~~V ( x )  >~~~~ x

~:.‘r ., ~~~ any T (2tn P
1
, 2 t : k 1’ ) ,  there is a periodic solution of Hamilton ’s

x = p , :‘ — 3 V ( x )

-.si h i t . i O 3 (  e- r io ’h  T.
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i t . :: :i t : : - • :0t , :t i a l ‘.‘ , i t t c ; f j e s a i , ot : . , r s s t t i t t a t ’. :

3.3,:) Vx , ---——— I X  — C ’ ‘ 5 ( x )

:- -r some s t r ’,; tl’; t c o s tt l v’ - c,- :, c t i cts -t , k’  , c ’ , t : , c - n ,  all on.- has is d,~- is to a :;  1- .’

t 1ie, ’t -O ~ 5 3 .1 and 3 . 3 .  Tti, - t c - -t , - nt ial V is T—; oriodjc ii: t fu r all ‘I > 0, ar ~~

fc r n a l . i  ( 3 . 3 - ) d ’- fincs-s . 1 ) y )  C , -  b. i , I . - r t i c a l l ’ .’ ze-r: : , so t t a t  A 1. To’ nc -s a lt

f o l l 0 w s ,

I f  at b at.. ~~~~ 3 - - ) is n o t  s a t i s f ie d , one s i n~ - l  ‘, re-n lace-s V v .ai~~~t i:. - r  r 1 0 1 ,’

cony€ ’ X : et, - n t i a l  V w h i c h  does sa t i~~f- :  ( 3. t o ) ,  in i : l - I i t i o n  t~~ - ( 3 .  2 7 )  , ,n , . :  -‘ i  0

c o i n c i d e s  w i t h  V on some lan ;e ball:

( 3 . 3 1  < 
~ 

— V~~(x) = V (x )  .

Now find , by cmn ,lslcin : t ti,, dual action integral, c-cm ,- T—;. r i , i i  s olu t  ton : --f  th.

equa tions ~ = , € - ‘  V~~(x), for which tile Hamiltonian is a fi:st mnt c-qra l:

(3.32) ~ p (t)~ + V (x(t)) = constant = h

Ti-is constant h can be estimated. We have , using (3.1 8), (3.1’) and Lc-;e:ndr• ‘s

formula :

-
~~ pI t)

2 
+ ~ ~ (t)

2 
+ V R

( x ( t ) )  + =

= j c ( t ) y ( t )  — x ( t ) 1~(t )

= p (t)
2 

- y ( t)~~(t) - y
0 ~

(t)

In te crating both sides and using (3.32):

h dt + {-~ q + ~
2/2 + U

R
(_
~
)}dt = dt

T
hT + 3~~(v ~~~) = 5 p

2 
dt

0

~jne then Proceeds as in (61 to get the estimate:

p

—19— 
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(3.33) h < ~
.;
~cx I c ,

wi :i;ic depends o n l y  on ti-, constants in fc:rnu)a (3. 27) , ~:.d net  ,c i .  )‘ ,

The procedure is now obvious . Let ‘I’ -. lrk
1 

1,. give -:,. Ic - n o - a l a  ( c . 3 3 )

gives si u i - ( . n  boun d for h , Choose B so larg.’ that V (x) < h itt:; lies >:

F~ iot (xtt) pIt)), a solution of Hamil ton ’s equa t ions for  \‘;;~ w i t ) :  ~~~~~~ - r: ‘ad 7.

by equation (3.32), x(t) lies entirely within the ball I~ 
B, so t : , s C  ( x ( t I ,  i ( ~~ ( )

solves fhan’.ilton ’s equations for V.

We conclude this section by an example. The n-dinnc.-n s io n al  c-qua t m e i : :

(3.34) + (1 + a cos 2t)x + bx ,~~~ x~~ = 0

has a non-trivial 2 -periodic solution provided

(3.35) 0 ~ jal € 1 , —l < ~ < 0 , b ~ 0

This follows from theorem 3.1, with the potential

n 2\8+l /( 3 .36)  V (t ,x) = (1 + a cog 2t)x
2
/2 + b (

~ 
x
.) /

(2~ + 2)  Fl
(note that K can be taken larger than any given number , because of the second tern ,

and that k = 1 + a l )

If a 0, for any T < 2s, equation (3.34) has a Solution with n’ :inirnal

period T.

If b 0, equation (3.34) becomes linear , and does not have a s-periodic

solution any more , because one encounters parametric resonance.

—20 ’-
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AESTRACT (continued)

p ( t  + T) = p(t). A special study is made of the classical case in which H(x ,~ :.~~~ -

thc form V ( x )  + 1p 1 2/2 , potential plus  k ine t ic  ene rgy ,  where the exist c :r .c - of ~ r 
-

i n f i n i t e  fami ly  of free harmonics is proven . The approach throughout is via a
variational pr inciple  involving a new , dual action integral.
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